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ABSTRACT 

In this paper, we try to introduce an interior point constraint generation 

(IPCG) algorithm for semi-infinite linear optimization that has a faster 

convergence than other algorithms. We will convert the semi-infinite 

optimization problem to the finite linear optimization problem using 

discretization, and we will convert the linear problem to the nonlinear 

problem using the barrier function. In each iteration, we find a point near the 

central path. We identify the finite number of the constraints violated at the 

mentioned point from the feasibility set of the semi-infinite problem. We 

update the feasible region and the barrier parameter simultaneously. We are 

improving the feasible point for the new feasible region and updating the 

central path; then, we use the Newton method to find a point near the new 

central path. We continue this process until the barrier parameter reaches the 

desired accuracy. Numerical results show that this algorithm has better speed 

and accuracy than others. 

1. Introduction  

In 1924, research on semi-infinite problems by Haar [11] began. From that year on, many 

algorithms were proposed to solve this problem [1,4,6] until, in 1997, Kalyski et al. [7] used a 

barrier decomposition algorithm for this kind of problem. This method is based on a cutting plane 
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and starts with a finite set of constraints. In the algorithm process, some of the constraints that 

interfere with the calculation of the optimal answer will be removed, on the other hand, some 

useful and effective constraints will be added. Less than a year later, Leo et al. [7] improved the 

algorithm by modifying the added constraints such that it will be created at most 𝑂(
𝑚6

𝛿2 𝑒
4√𝑚

𝜀 ) cuts 

where 𝑚 is the number of variables, 𝛿 is the radius of the largest full dimensional ball contained 

in feasible region and only one cut will be added in each iteration. The algorithm that we will 

introduce is superior to its similar algorithm by storing more data and adding multiple cuts 

simultaneously such that at most 𝑂(
𝑚6𝑝2

𝛿2
𝑒

3√𝑚

𝜀 )  cuts where 𝑝̂ is the maximum number of constraints 

added simultaneously, will be added. This algorithm is basically a method based the analysis center 

cutting plane methods (ACCPM), introduced by Sonnevend [12, 13] and further developed by 

Goffin et al. [16], Ye [17], and Luo & Sun [18]. We will introduce this algorithm in the second 

part and in the third part we will compare the results of applying this algorithm with the results of 

the algorithm taken of [5].  

2. Interior Point Constraint Generation (IPCG) Algorithm 

In this section we present our IPCG algorithm for solving semi-infinite linear optimization. 

Consider the following optimization problem: 

𝑚𝑎𝑥 { 𝑏𝑇 𝑦 ∶  𝑎𝑡
𝑇𝑦 ≤  𝑐𝑡  , 𝑡 ∈  Ω } ,     (SILP) 

where Ω is a compact set, 𝑏 ∈ ℝ𝑚 , 𝑐𝑡 ∈ ℝ and 𝑎𝑡  ∈  ℝ 𝑚 for 𝑡 ∈  Ω.  

The compressible feasible region of the above problem is as follows:  

ℱΩ  =  { 𝑦 ∈  ℝ𝑚 ∶  𝑎𝑡
𝑇 𝑦 ≤  𝑐𝑡  , 𝑡 ∈  Ω } , 

We make the following assumptions:  

Assumption 1. The set Ω is compact, and the mappings 𝑡 →  𝑎𝑡 and 𝑡 →  𝑏𝑡 are continuous in 𝑡.  

Assumption 2. The feasible region ℱΩ contains a 𝛿-radius full-dimensional ball.  

Assumption 3. ℱΩ is contained in the unit cube [0, 1]𝑚 and all 𝑚-vectors 𝑏 and 𝑎𝑡 are normalized 

(∥ 𝑎𝑡 ∥ = ∥ 𝑏 ∥ =  1).  
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Consider semi-infinite  linear programming (SILP), where the feasible region is an outer 

approximation of ℱΩ and is defined by a finite number of constraints: 

𝑚𝑎𝑥 { 𝑏𝑇 𝑦 ∶  𝐴𝑇 𝑦 ≤  𝑐 } .      (D) 

The above discretization of (𝐷) is constructed by choosing 𝑛 (𝑛 ≥  2𝑚) linear constraints from 

the constraint set ℱΩ. In fact, for any subset 𝑄 ⊂  Ω, we can define a corresponding discretization 

(or relaxation) of SILP by considering only those constraints indexed by 𝑄. We shall use the 

simplified notation 𝐴𝑚×𝑛 to denote the 𝑚 × 𝑛 matrix whose 𝑖the vector gives h column 𝑎𝑖 , with 

𝑖 =  1, 2, . . . , 𝑛; Likewise, we use 𝑐 n to signify the vector whose ith component is equal to 𝑐𝑖 , for 

𝑖 =  1, 2, . . . , 𝑛. Since ℱΩ is contained in the hypercube [0, 1]𝑚, we assume for convenience that 

the first 2𝑚 constraints chosen in (D) are of the form 0 ≤  𝑦𝑖  ≤  1, 𝑖 =  1, . . . , 𝑚. Thus, 𝐴𝑚𝑛 

contains an 𝑚 × 𝑚 identity submatrix, therefore the matrix 𝐴𝑚×𝑛 has full row rank.  

We denote the dual feasible region of the discretization problem: 

ℱ𝑑  =  { 𝑠 ∈ ℝ𝑛 ∶  𝐴𝑇 𝑦 +  𝑠 =  𝑐, 𝑠 ≥  0 } 

Problem D is a relaxation of the original problem. Let us call it the dual problem. The 

corresponding primal problem reads.  

𝑚𝑖𝑛 { 𝑐𝑇 𝑥 ∶  𝐴𝑥 =  𝑏, 𝑥 ≥  0 } ,     (P) 

where  

ℱ𝑝  =  {𝑥 ∈ ℝ𝑛  ∶  𝐴𝑥 =  𝑏, 𝑥 ≥  0} . 

Definition 1. A 𝜃-approximate µ-center (𝑥̅, 𝑠̅) is a point in the vicinity of the central path that 

satisfies 

𝐴𝑇 𝑦̅  + 𝑠̅  =  𝑐, 𝐴𝑥̅  =  𝑏, ∥
𝑥̅𝑠̅

µ
 − 𝑒 ∥ ≤  1  

where 𝑒 ∈ ℝ𝑛 is the vector with all its components equal to 1 and 𝑥̅𝑠̅ is the Hadamard product of 

𝑥 and 𝑠.  

We now state some technical lemmas needed in the IPCG algorithm. The proofs of those lemmas 

that are not given here can be found in the interior point methods book, such as [2].  

Lemma 1. Let (𝑥̅, 𝑠̅) be a 𝜃-approximate µ-center.  
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Then: 

𝑛 −  𝜃 √𝑛  ≤  𝑥̅𝑇𝑠̅ µ ≤  𝑛 +  𝜃 √𝑛. 

Moreover if µ+  =  (1 −  𝜂)µ with 0 <  𝜂 <  1, then  

∥
𝑥̅𝑠̅

µ
 − 𝑒 ∥ ≤  

1 

1 −  𝜂
 (𝜃 +  𝜂 √𝑛). 

 Corollary 1. For 𝑛 ≥  2, 𝜂 =  1 8 √𝑛 , and arbitrary 𝜃 ≤  1/2, one has 

∥
𝑥̅𝑠̅

µ+
 − 𝑒 ∥ ≤  0.57. 

We start from problem D with only an artificial box constraint with dynamically updated bounds 

(RHS). Let 𝑦̅ be a point in the vicinity of the central path of ℱ𝑑 and 𝑎̅𝑗
𝑇 𝑦 ≤ 𝑐𝑗̅ , for 𝑗 =  1, 2, . . , 𝑝 

be 𝑝 constraints in ℱΩ such that 𝑐𝑗̅
  <  𝑎̅𝑗

𝑇 𝑦̅. The feasible region of the updated discretization, 

therefore reads as: 

 ℱ𝑑
+ =  { 𝑠 ∈ ℝ+

𝑛 , 𝑟 ∈  ℝ+
𝑝

∶   𝐴𝑇 𝑦 +  𝑠 =  𝑐, 𝐴̅𝑦 +  𝑟 =  𝑐̅ } ,  

ℱ𝑝
+  =  { 𝑥 ∈ ℝ+

𝑛 , 𝑡 ∈  ℝ+
𝑝

∶   𝐴𝑥 +  𝐴̅𝑡 =  𝑏 },                                       

where 𝐴̅  ∈ ℝ𝑝×𝑛 is composed of the 𝑝 column vectors 𝑎̅𝑖 s and𝑐̅  =  (𝑐1̅;  𝑐2̅;  . . . ;  𝑐𝑝̅). Let µ+  =

 (1 −  𝜂)µ be the updated barrier parameter for a later-specified value 0 <  𝜂 <  1. Now, we have 

to find a point in the vicinity of the central path of the updated discretization, close to the µ+-center 

of ℱ𝑑
+ . Before that, we first need to derive a strictly feasible point for ℱ𝑑

+ [14-16]. 

Let: 

 𝑡̅ =  arg min {
𝑝

2
 𝑡𝑇 𝑉 𝑡 − ∑ log 𝑡𝑖

𝑝
𝑖=1   } ,    (1) 

Where 𝑉 =  𝐴̅𝑇 ( 𝐴 𝑋̅𝐴𝑇  )−1 𝐴̅,  𝑋̅ is a diagonal 𝑛 ×  𝑛 matrix with the components of vector 𝑥̅ as 

its diagonal elements.  

Also define: 

𝑑̅  =  𝑝(𝐴̅𝑇 𝑦̅  − 𝑐̅)𝑡̅.      (2) 

Such that 𝑑̅  >  0.  
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Let 𝛼 <  1 −  𝜃 be fixed. We consider two cases: 

1. Moderately deep constraints: 𝑑̅  <  𝛼𝑒. In this case we show that all violated constraints cross 

the Dikin ellipsoid around 𝑦̅, and the dual feasibility can be recovered using the current point 𝑦̅.  

2. Very deep constraints: There exists a constraint for which  𝑑̅𝑖  ≥  𝛼. In this case, dual 

feasibility cannot be recovered, but primal feasibility can be recovered.  

Below, Lemma shows that if the violated constraints are moderately deep, then Newton’s method 

can be initiated from 𝑥+ and 𝑠+ to obtain a point in the vicinity of the new central path. When at 

least one very deep inequality exists, dual feasibility cannot be recovered because it is unclear how 

far the constraint is away from the Dikin ellipsoid. In this situation, one can still recover primal 

feasibility by using 𝑥+, and Newton’s method can be applied in the primal space to update the µ+-

center. This procedure is repeated until the barrier parameter falls within the desired accuracy.  

Lemma 2. Let ℱ𝑝 and ℱ𝑑 be the primal and dual feasible regions of the discretization problem, 

respectively. Let µ be the barrier parameter, and (𝑥̅, 𝑠̅) be a point in the vicinity of the central path. 

Let 𝑝 violated constraints be added to ℱ𝑑
+ and ∆𝑥 =  −𝑋̅2𝐴𝑇 (𝐴𝑋̅2𝐴𝑇 )−1𝐴̅𝑡 ̅ ,Then 𝑥+  =  (𝑥̅ +

𝛼∆𝑥;  𝛼𝑡̅) is strictly feasible for ℱ𝑑
+ . Furthermore, define ∆𝑠 =  𝐴𝑇  (𝐴𝑋̅2𝐴𝑇 )−1𝐴̅𝑡 ̅ and 𝑡̅ =

 1/𝑝(𝛼𝑒 −  𝑑̅)𝑡̅−1 where the 𝑝-vector 𝑡̅−1 is the component-wise inverse of the vector 𝑡̅. Then 

𝑠+  =  (𝑠̅  +  𝛼∆𝑠; 𝑟̅) is strictly feasible for ℱ𝑑
+.  

Proof. Let’s put 𝑥+ in ℱ𝑝: 

𝐴(𝑥̅  +  𝛼𝑥)  +  𝛼𝐴̅𝑡̅ =  𝐴𝑥̅  + 𝛼𝐴̅𝑡̅ 

Now by putting ∆𝑥 in 𝐴∆𝑥 + 𝑥̅𝑡 ̅, we will have: 

𝐴(𝑥̅  +  𝛼∆𝑥)  +  𝛼𝐴̅𝑡̅ =  𝐴𝑥̅  −  𝛼𝐴𝑋̅2𝐴𝑇 (𝐴𝑋̅2𝐴𝑇 )−1𝐴̅𝑡̅ +  𝛼𝐴̅𝑡̅, 

    =  𝐴𝑥̅  −  𝛼𝐴̅𝑡̅ +  𝛼𝐴̅𝑡̅,  

=  𝐴𝑥̅,                           

=  𝑏                            
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By the fact 𝛼 <  1 −  𝜃, one can show that 𝑥̅  +  𝛼∆𝑥 >  0 and 𝑠̅  +  𝛼∆𝑠 >  0. now, we will 

proof 𝑟̅  >  0 and 𝐴̅𝑇 𝑦+  + 𝑟̅  =  𝑐̅. Because 𝑑̅  <  𝛼𝑒, so 𝑟̅  >  0. Notice because 𝐴𝑇 (𝑦̅  +  ∆𝑦)  +

 𝑠̅  + ∆𝑠 =  𝑐 we can say 𝐴𝑇  ∆𝑦 =  −∆𝑠, so ∆𝑦 =  −(𝐴𝑋̅  − 2𝐴𝑇 )𝐴̅𝑡̅. Then:  

𝐴̅𝑇  𝑦+𝑟+  =  𝐴̅𝑇 𝑦̅  +  𝛼𝐴̅𝑇 ∆𝑦 + 𝑟̅  =  𝐴̅𝑇 𝑦̅  −  𝛼𝑉 𝑡̅ + 𝑡̅. 

If we run 𝐾𝐾𝑇 condition for (1), we can write:  

𝐴̅𝑇 𝑦 + 𝑟̅  =  𝐴̅𝑇 𝑦̅  −  𝛼 𝑝 𝑡̅−1  + 
1

𝑝
 (𝛼𝑒 −  𝑑̅)𝑡̅−1 , 

 =  𝐴̅𝑇 𝑦̅ −
1

𝑝
  𝑑̅𝑡̅−1 ,                      

 =  𝑐̅                                              

The next lemma, from Luo et al. [9], shows that the constraint generation algorithm delivers a ϵ-

optimal solution for SILP. 

Lemma 3. Let 𝜖 >  0 be ginven. Under Assumption 1, if 𝑦̅  ∈  ℱΩ is in the vicinity of µ <  𝜖/(𝑛 +

 √𝑛), then 𝑦̅ is an 𝜖-maximizer of SILP.  

According to what has been said, the algorithm is as follows: 

Algorithm 1 interior point constraint generation Algorithm. 

Require: ℱ𝑑
0  =  [0, 1]𝑚 , 𝑦0  =

1

2
 𝑒, 𝑠0  =

1

2
 𝑒, 𝑛0  =  2𝑚, 𝜂0  =

1

8
√𝑛0 , 𝜃 =  0.5, 𝑘 =  1  

Ensure: 𝑥𝑘       𝑠𝑘  

while ( 𝑛𝑘−1  +  √𝑛𝑘−1 )µ𝑘−1  ≥  𝜀 do 

Identify 𝑝𝑘 violated constraints in ℱΩ that 𝑦𝑘 is not feasible. 

      (𝐴̅𝑘 )𝑇 𝑦 ≤  𝑐̅𝑘 in ℱΩ such that (𝐴̅𝑘  )𝑇 𝑦𝑘  >  𝑐̅𝑘  

Update 

𝑛𝑘  =  𝑛𝑘−1  +  𝑝𝑘,        𝜂𝑘  =
1

8
 √𝑛𝑘 ,      µ𝑘  =  (1 − 𝜂𝑘)µ𝑘−1  

𝐴𝑘   =  [ 𝐴𝑘−1   𝐴̅𝑘 ] , 𝑐𝑘  =  (𝑐𝑘−1 ; 𝑐̅𝑘)  

Compute 𝑡̅ from (1) and 𝑑̅ from (2)  

if 𝑑̅  <  𝛼𝑒 then 

use 𝑠+ to start a primal newton method to obtain 𝑠𝑘 and define 𝑥𝑘  =  𝑥(𝑠𝑘) in the vicinity of the µ𝑘-

center of ℱ𝑑
𝑘 .  

else  
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use 𝑥+ to start a primal Newton method to obtain 𝑥𝑘 and define 𝑠𝑘  =  𝑠(𝑥𝑘 ) in the vicinity of the µ𝑘-

center of ℱ𝑝
𝑘 .  

end if  

k = k + 1  

end while 

3. Comparison of two algorithms of interior point constraint generation and projected 

Lagrangian  

In this section, we have solved some examples using the introduced algorithm. We have run the 

examples with MATLAB 2019. We took example 1 from [10], example 2 from [8], and example 

3 from [6].  

Example 1.  

𝑚𝑎𝑥 ∑ 𝑟2𝑖−1𝑥𝑖

10

𝑖=1

                                       

𝑠. 𝑡.   2 ∑ 𝑐𝑜𝑠((2𝑖 −  1)𝜋𝑡)𝑥𝑖

20

𝑖=1

≥  −1  

Ω ∈  [0, 0.5]                                                  

𝑤ℎ𝑒𝑟𝑒 𝑟𝑖  =  0.95𝑖                                                       

Example 2.  

𝑚𝑎𝑥 − ∑ 𝑖−1𝑥𝑖

1 0

𝑖=1

               

𝑠. 𝑡:  

 ∑ 𝑡𝑖−1𝑥𝑖 

8

𝑖=1

≥
1

2 −  𝑡
  

Ω ∈  [0, 1]                          

Example 3.  

𝑚𝑎𝑥 −  ∑ 𝑖−1𝑥𝑖

9

 𝑖=1
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𝑠. 𝑡: 

  ∑ 𝑖𝑖−1𝑥𝑖

9

𝑖 = 1

     

Ω ∈  [0, 1]       

Numerical results are presented in Table 1.  

Table 1: Results of IPCG algorithms 

Example Objective value CPU time 

1 -0.5105165 19.7 

2 -0.6655548 3.2 

3 -0.7325134 5.8 

The computational results are reported in Table 1. Comparing the results in Table 1 and Table 2 

reveals that the algorithm mentioned is more efficient than the algorithm presented in [5]. 

Table 2: Results of [5] 

Example Objective value CPU time 

1 -0.5105203821 27.41 

2 -0.6655548 5.94 

3 -0.7325144332 6.23 

4. Conclusion  

This paper introduces an algorithm for solving semi-infinite linear programming problems. 

Numerical results show interior point constraint generation algorithms have a higher speed and 

accuracy than others [16-19]. The tolerance considered in this paper is 𝜀 =  10−8. 
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